Chaotic diffusion on periodic orbits (POs) is studied for the perturbed Arnol'd cat map on a cylinder, in a range of perturbation parameters corresponding to an extended structural-stability regime of the system on the torus. The agree very well with those obtained by standard methods, for all the perturbation parameters considered. Formula (c) gives reasonably accurate results for sufficiently small parameters corresponding also to cases of a considerably nonuniform hyperbolicity. This is due to uniformity sum rules satisfied by the PO Lyapunov eigenvalues at fixed w. These sum rules follow from general arguments and are supported by much numerical evidence.
I. INTRODUCTION
Understanding to what extent chaotic motion in Hamiltonian systems exhibits random properties such as diffusion is a problem of both fundamental and practical importance.
The existence of deterministic chaotic diffusion has been approximately established using a variety of approaches [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . A systematic approach is based on the hierarchy of periodic orbits (POs) embedded in the chaotic region [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Let us summarize the main ideas of this approach by considering, for definiteness, the kicked-rotor maps on the cylinder
where l is angular momentum, x is angle, and the force function f (x) satisfies f (x+1) = f (x) and f (−x) = −f (x). The diffusion coefficient for (1) is formally defined by:
where E denotes average over an ensemble E = {(x 0 , l 0 )} of initial conditions in a chaotic region. Well known problems in a reliable numerical calculation of D are: (a) The roundoff errors caused by the chaotic exponential instability. (b) The ambiguity in the choice of E and the iteration time m. These problems are systematically solved [10] by choosing E as the ensemble U n of all the primitive POs of period n in the chaotic region and m = n. For the map (1), a PO p ∈ U n is generally defined by initial conditions (x
where n is the smallest integer for which (3) holds with integer w p , the winding number of PO p. Since (1) is essentially periodic in (x, l) with period 1, (x < 0.5. The ensemble U n may be viewed as an invariant "level n" approximation of the chaotic region and the diffusion rate on U n is given by [10] :
where N(n) is the total number of POs in U n and N w (n) is the number of POs in U n with w p = w. Similarly, one can associate diffusion rates with subensembles of U n having welldefined dynamical characteristics [10, 11] . For uniformly hyperbolic systems, (4) is expected to approximate well the diffusion coefficient (2) associated with generic ensembles of aperiodic chaotic orbits. In fact, in the case of the cat and sawtooth maps [2] , (4) gives the exact value of D for the cat maps and approximates very well D for the sawtooth maps [10] .
The diffusion coefficient for generic chaotic ensembles in hyperbolic systems is given by the exact PO formula [16, 19, 21] :
Here ζ(β, s) is the Ruelle zeta function [21] ,
where the product is over all the primitive POs, n p is the period of PO p, and Λ p is the associated Lyapunov eigenvalue (|Λ p | > 1). One can express (6) as a power series in exp(−s):
where the n > 1 terms are known as "curvatures" [19] . The convergence of (7) is generally better than that of (6) . Formula (5) with a (truncated) curvature expansion (7) has been applied to several systems [13, 14, [16] [17] [18] [19] [20] . For uniformly hyperbolic maps with a complete symbolic dynamics (i.e., whose grammar is unrestricted by "pruning rules"), all the curvature terms in (7) vanish identically and the exact value of D from (5) coincides precisely with the diffusion rate (4) for n = 1. Examples of such trivial systems are 1D piecewise linear maps [13, 14] and chains of coupled baker maps [16, 21] . The application of (5) and other PO formulas [15] to a more realistic system, the periodic Lorentz gas, gives results [18] that are within 8% of the values of D obtained by standard methods. For standard maps
(1), the quasilinear (strong-chaos) limit of D is approximated by using just POs of period n = 1 and n = 2 [17] . For the cat and sawtooth maps, the quasilinear approximation of D is reproduced by formulas related to (5) [20] .
In this paper, chaotic diffusion on POs is studied for a nontrivial Hamiltonian system exhibiting a transition from uniform to nonuniform hyperbolicity as a parameter is varied. This is the perturbed Arnol'd cat map on the cylinder, defined by (1) with
where
, and κ is a perturbation parameter. This system, with the definition f 0 (−0.5) ≡ −0.5, is usually considered on a torus, −0.5 ≤ x, l < 0.5. Perturbed cat maps on the torus have attracted much attention recently in the context of "quantum chaos" [22] [23] [24] . Anosov theorem [25] states that the dynamics on the torus for sufficiently small κ, κ < κ c , is topologically equivalent to that of the unperturbed (κ = 0) system (in particular, the system is completely chaotic for κ < κ c ).
This expresses the well known structural stability of cat maps (see more details in Sec. II, where we determine κ c ≈ 0.437). Actually, we provide numerical evidence in Sec. II that the structural-stability regime extends, at least approximately, beyond κ c , up to κ ≈ 1. A fully chaotic regime is observed up to κ ≈ 1.5. For larger perturbations, stability islands born by bifurcation, leading to a significant mixed phase space for κ > 1.7 (see Fig. 1 ). We emphasize that unperturbed cat maps already feature a very nontrivial symbolic dynamics with nonexplicit pruning rules given by an infinite set of inequalities [26] . As a result, all the curvature terms in zeta-function expansions are nonvanishing. See, e.g., an exact expression of ζ −1 (0, s) for cat maps derived in Sec. II. The relevant dynamics on the cylinder can be easily inferred from that on the torus.
In Sec. III, we calculate accurately the diffusion coefficient D for κ up to κ ≈ 1 using several PO formulas: (a) The curvature-expansion formula [ (5) with (7) of the standard results) for sufficiently small values of κ corresponding also to cases of a considerably nonuniform hyperbolicity. This is due to uniformity sum rules satisfied by the PO Lyapunov eigenvalues at fixed winding number w. These sum rules follow from general arguments and are supported by much numerical evidence.
II. CAT MAPS AND STRUCTURAL STABILITY
Consider the unit torus T 2 : −0.5 ≤ x, l < 0.5 and let z ≡ (x, l). Hyperbolic cat maps on T 2 are defined by the map φ 0 :
where A is a 2 × 2 integer matrix with det(A) = 1 and Tr(A) > 2. While these maps are uniformly hyperbolic, they feature a very nontrivial symbolic dynamics [26] . As a result, all the curvature terms in zeta-function expansions are nonvanishing. We show this here by deriving an exact expression of ζ −1 (0, s) for φ 0 . First, the uniform hyperbolicity implies that the Lyapunov eigenvalue Λ p of any PO with period n is given by Λ p = Λ n , where Λ is the largest eigenvalue of A. Then, from (6),
where ρ(s) = Λ −1 exp(−s) and N(n) is the number of primitive POs of period n. For ρ(s) < 1, we find from Rel. (9) that
where j | n means that the positive integer j divides n. We now use the general relation
where P (n) is the number of periodic points of period n. For the cat maps one has [28] 
Using (11) and (12) in (10), we obtain, for s ≥ 0,
The explicit curvature expansion of ζ −1 (0, s) for s ≥ 0 is easily found from (13):
Thus, all the curvatures c n (0), n > 1, are nonvanishing.
A perturbed cat map on T 2 is given by φ κ :
F(z) is a smooth vector field periodic on T 2 . Anosov theorem [25] states that for sufficiently small κ, κ < κ c , φ κ is topologically conjugate to φ 0 by a continuous near-identity
κ . Thus, any orbit O κ of φ κ , in particular a PO, can be written as O κ = H κ O 0 , where O 0 is some orbit of φ 0 . We emphasize that the re-
does not imply that the Lyapunov eigenvalue Λ p of a PO O κ = H κ O 0 is equal to that of O 0 since the map H κ is not differentiable [25] . The bound κ c is generally determined by the inequality: max z∈T 2 (|κ∂F/∂z · z|/|z|) < 1 − Λ −1 , where
and F(z) = (1/2π) sin(2πx)(1, 1), we see that φ κ is just the map (1) with (8) Table I . We see that the behavior of ζ On the cylinder, the system is described by the map (1) with (8) and f 0 (−0.5) ≡ 0.
The discontinuity of (8) at x = −0.5 can be viewed as an infinite-slope (vertical) segment.
Is is then easy to show that POs with points on x = −0.5 must have an infinite value of Λ p . Thus, they will not contribute to (6) and will not be considered. Clearly, the initial conditions for the relevant POs (having no point on x = −0.5) can be chosen as points of torus POs O κ = H κ O 0 lying in the domain |x|, |l| < 0.5. The number N(n) of relevant POs used in our diffusion calculations in Sec. III is listed in Table II . The winding number w p is calculated from (3). Strictly speaking, there is no structural stability on the cylinder since w p generally changes when κ is varied in any interval, in particular (0, κ c ).
III. RESULTS FOR D AND UNIFORMITY SUM RULES
We start by deriving a general formula [Eq. (17) 
The Hannay-Ozorio-de-Almeida uniformity sum rule [21, 29] implies that lim n→∞ g(n) = 1.
Then, the limit in (15) exists only if D WA (n) converges to D. For sufficiently large n, D WA (n)
in (17) is just the average of w 2 p /(2n) (p ∈ U n ) weighted by the stability factor |Λ p | −1 . Such approximations to D have been used in previous works [15, 18] .
Formula (17) reduces to (4) in the case of uniform hyperbolicity. Consider, however, an equivalent expression for (17):
where N(n) and N w (n) are defined as in (4) and
The quantity (19) is a natural restriction of (16) to the subset of POs with given winding number. If we now assume, in analogy to lim n→∞ g(n) = 1, the uniformity sum rules at fixed winding number w,
formula (18) may reduce essentially to (4) also in cases of nonuniform hyperbolicity. We found much numerical evidence for the validity of (20) in our system. Part of this evidence is presented below. In general, the origin of (20) can be understood as follows. In our notation, one has the approximate relation for n ≫ 1 (see, e.g., Appendix B in Ref. [30] ):
where r (an integer) is the repetition index. The left-hand side of (21) gives the probability distribution for a generic chaotic ensemble to diffuse a "distance" |w| in "time" n. Now, as n → ∞, there should be no essential difference between such an ensemble and the PO ensemble U n . The probability distribution above is then expected to be approximately equal to N w (n)/N(n) provided |w| is not too close to the maximal value of |w p | [10] . We use this in (21) , keeping only the dominant terms (r = 1) on the right-hand side. Recalling also the definition (19) and the uniformity sum rule lim n→∞ g(n) = 1, Rel. (20) is obtained.
In our numerical calculations we have used the relevant POs on the cylinder with periods n ≤ 14, computed as described in Sec. II. The following PO quantities were calculated accurately for κ = 0.086k, k = 1, ... 
where C j = f (x 0 )f (x j ) E are the force-force correlations for (8) . These correlations were calculated very accurately for j ≤ 30 by a sophisticated integration of f (x 0 )f (x j ) over the unit torus. In general, we found that D E (m) in (22) In Tables III-V (14) and D S for κ ≤ 0.43 is not larger than 2% despite the fact that the hyperbolicity for κ ≤ 0.43 can be considerably nonuniform, see Fig. 2 . To understand this, consider the behavior of S w (n)
for κ ≤ 0.43 in Tables III and IV . While the convergence of S w (n) to 1 for |w| ≤ 2 is quite evident, S 3 (14) and S 4 (14) are not sufficiently converged due to the relatively small number of POs with w = 3, 4. Precisely because of this last fact, however, the effect of S ±3 (14) − 1 and S ±4 (14) − 1 in (18) is not significant, leading to only a small difference between D (14) and D WA (14) (or D S ). As κ is increased, a larger value of |w| (|w| = 5) appears for κ > 0.516 and the hyperbolicity becomes more nonuniform. Then, since the total number N(n) of POs is constant (does not depend on κ), the convergence of S w (n) is expected to deteriorate for all w. This is, in fact, confirmed by all our numerical data (see the worse case for κ = 0.946
in Table V ) with the exception of w = 0. As Table VI shows, S 0 (14) remains remarkably well converged for all values of κ. We shall attempt to find an explanation of this and other facts in a future work.
IV. CONCLUSIONS
In this paper, chaotic diffusion on periodic orbits (POs) was studied for the perturbed Arnol'd cat map on the cylinder, in a relatively large range of perturbations κ corresponding to a "structural-stability" regime of the system on the torus. Numerical evidence indicates that this regime extends, at least approximately, significantly beyond the Anosov bound κ c ≈ 0.437, i.e., at least up to κ ≈ 1. This extension, which was already noticed in a quantum-chaos context for a different perturbed cat map [22] , is further supported by the very good agreement between the PO and standard results for D also for κ c < κ ≤ 0.946, where only POs topologically conjugate to the κ = 0 POs are used. In the absence of bifurcations, the variation of D with κ is totally due to the change of the characteristics (w p , Λ p ) of a constant number of POs. Thus, the case studied in this paper is basically different from that considered in Ref. [17] , i.e., standard maps in a strong-chaos limit. In the latter case, bifurcations of low-period (n = 1 and n = 2) POs are the main cause for the relevant variation of D with the parameter. The usual distinction between fundamental (n = 1) and curvature (n > 1) terms [19] is not felt in our case since w p = 0 for n ≤ 3 and for all the values of κ considered. The convergence of the PO results to D generally starts only for order (or period) n > 8.
As in the case of the Lorentz gas [18] , the most accurate PO results are obtained by using the weighted-average formula (17) . In general, by expressing this formula in the windingnumber representation (18) , it becomes clear that the effect of a nonuniform hyperbolicity is completely captured by the basic quantities (19) . Since these quantities satisfy the uniformity sum rules (20) , the manifestation of this effect is essentially restricted, for sufficiently large n, to the "tail" of the distribution (21) (|w| large relatively to the maximal value of |w p |). Here the discrepancy between N w (n)/N(n) and (21) leads to a value of S w (n) which is not well converged. We have shown that the effect of nonconverged values of S w (n) may be insignificant also in cases of a considerably nonuniform hyperbolicity. Then, formula (17) reduces essentially to the nonweighted-average formula (4). 
